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ExJmARY”

Basedonassumptionswhichham ledtothebestagreemexrtbetween
theoryandtestdataoninelasticbucklingoffl.atplates,a generalset
ofequilibriumdifferentialequationsfortheplasticbucklingofcylind-
ers hasbeenderived.Theseequationshavebeenusedtoobt@nsolu-
tionsforthecompressiveandtorsionalbucklingoflongcylindersin
theyieldregion.

Testdataarepresentedwhichindicatesatisfactoryagreementwith .
thetheoreticalplasticity-reductionfactorsinmst cases.Wherea
differenceinresultsexists,testdatasxeinsubstantiallybetteragree-
mentwiththeresultsobtainedbyuseofthemaximum-shearlawrather
thantheoctahedral-shearlawtotransformaxial.stress-straindatato
shearstress-straindata.

INTRODUCTION

TJlel.asticCcapressiveBuckmlg
.

ofFlatPlates

Thestateofknowledgeupto1936concerninginelasticbucklingof
platesandshellshasbeensumarizedbyThnoshenkoinreference1. The
maineffortswereconcernedwithattemptstomodifythevariousbend5ng-
momenttermsoftheequilibriumdifferentialegpationsbytheuseof
suitableplasticitycoefficientsdeterminedfrcme~xzbnentaldataon
columns. Althoughsuchsemiempirical.effotismetwitha reasonabledegree
ofsuccess,thetheoretics.determinationofplasticity-reductionfactors
forflatplateshasbeenachievedwithinrecentyearsastheresultof
thedevelopmentofinelastic-bucklingtheory.Becausesuchdevelopments
arerecentandformthebackgroundfortheinelastic-bucklingtheoryfor
shellsdevelo~dherein,thefollowingdiscussionconcerningtheassump-
tionssudresultsofthevarioustheoriesispresentedinsomedetail..

Differentinvestigatorshaveuseddifferingassumptionsinthe
developmentoftheirtheories.Themajorassm@ionsuuderl.yingeach
ofthesetheories== giveninthefol.lm *bk. .

. ..—. .-- ...__ _ —.— - —-— . , ——. . . . _ — —- —. __
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Investigator stress-strainlaw PlasticitylawBucklingmodel

Bijlaard Incrementaland octahedral Nostrain
(ref.2) deformationtyps, Shesx reversal

v instantaneous

Deformation@p, octahedral
7=Y3)

Strain
‘v = 0.5 Shesx reversal

EandelmanandPrsgerIncrementaltype,
(ref.4)

octahedralStrain
v instmtaneous Sh!em? reversal

Stowell Deformation@pe, octahedral Nostrain
(refs.5 &a 6) v = 0.5 shear reversal

lHstoricaJQ,Bijlmrd(ref.2)appearstoham beenthefirstto
arriveatsatisfactorytheoreticalsolutionsforinelastic-buckling
theories.Hisworkisthemostcomprehensiveofallthoseconsidered
inthathecomidersbothincrementalanddeformationtheoriesandcon-
cludesthatthedeformationtypeiscorrectsinceitleadstolower
inelasticbucklingloadsthanthoseobtainedfqmmincrementaltheories.
ELsworkwasfirstp&iLishedin1937.-t pa~r andlaterpublications
iI.lChJ.d.eSOhI%iOIISto nEDy iIUpOrtSJIti.Tleh3tiC-bUCkk@ problems. BbW-
ever,thisworkappeerstohaveremainedunknowntomostofthelater
investigators.

Ilyushin(ref.3)brieflyreferredtoBijlaard’sworkandthenpro-
ceededtoderivethebasicdifferentialequationforinelasticbuckling
offI&tplatesaccordingtothestrain-reversalmodel.Th&derivation
ofthisequationisratherelegantandwasusedbyStmel.1(ref.5),who,
hawever,usedtheno-strain-reversalmodel.Thedifferentialeqpation
obtainedbyBijlaardreduces.tothatderivedbyStowellbysetting
v 1/2 intheformer.HandelmanandPrager(ref.4),duringthistime,
ob~inedsoltiionstoseveralinelastic-bucklingproblemsbyuseof
incrementaltheory.Testdataoncmpressedflangesandplatesindicate
thattheresultsofincrementaltheoriesaredefinitelyunconservative
regsxdlessofthebucklingmodel,whereasdefamation-typetheoriesare
inrelativelygoodagreement.

Theproblemofplasticbucklinghasalsobeenthesubjectofmuch
exp35metia3.research.Theuseofthesecant-modulus-reductionfactor
wasfirstproposedforplatesundercompressiveloadsbyGerard(ref.7)
onthebasisoftestsonZ-md channelsections.Later,Stowel.1(ref.5)
provedtheoreticallythatuseofthesecantmodulusiscorrectforhinged
flangesandthatforelasticallyrestrainedKLangesandplatesthe

. . —. .. —.———.. . .. -—-
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plastici@-reductionfactorincludesa functionofthetangentmodulus
inadditiontothesecantmodulus.Forlongcolumus,thefactordepends
onlyuponthetangentmodulus.Theplasticity-reductionfactorsproposed
byStowellforsimplysupportedflangesandplatesham receivedexcellent
experimentalconfirmation(refs.8to10)andithasbeenwellknownfor
some50yearsthatthetangentmodulusisingoodagreementwithtestdata
forcolumns.Thus,thetheoreticalplastic-buckknfactorsforplates
undercampressivaloadsam= tobewellsubstantiatedbyratherprecise
experimentaldata.

Inelasticshear“BucUngofFlatPlates

Incontrastwithplasticcompressivebuckling,shearbucklingof
platesappearstobeonlesssubstantialground.Astheresultofa
seriesoftestsonlong2024-0aluminwn-edl.oyplatesuudershear,wrard
(ref.U.)proposeduseoftheshearsecantmodulusastheplasticity-
reductionfactorforthiscase.Thesbesrsecantmodulusisdetermined
froma shearstress-straincurve,which,accordingtoreferenceU, is
tobederivedfromanaxialstress-straincurveonthebasisofthe
maximl@-shearplastici@Tlaw. E%oweu(ref.6)deriveda theoretic-
plasticity-reductionfactorforshearwhichhasvirtudQthesamenmeri-
calvalueforallconditionsofelasticrestra4ntbetweensimplesupport
andc-d.

IncomparingthetestdataofreferenceU withthetheoretical
reductionfactor,Stowe~useda shearstress-straincurvederivedby
theOctahedral-shearplasticitylaw.TheSheSJ?@astic-bucklingtest
datawerefoundtolieconsistentlybelowthetheoreticalfactor.Fur-
thermore,Stowel.1attemptedtoexplaintheagreementbetyeentheshear
secant-modulusmethodproposedinreference11andthetestdatatherein
onthebasisthatthestfiss-straincurvefor2024-0aluminumalloycan
bewellappro-tedbya powerlaw.

Recently,ina seriesoftestsonlong,sqpare,2014-T6aluminum-
alloytubesintorsion,Peters(ref.10)presenteda newsetoftest
dataonplasticshearbuckling.Althoughthestress-straincurveof
thismaterialcannotbeadequatelyapproximatedbya powerlaw,excellent
agreementwasfoundtoexistbetweenthenewtestdataandtheshear
secant-modulusmethodproposed”inreferenceU.. Thetheoreticalfactors
ofStowell(ref.6)andBijlaard(ref.2)werefoundtobeconsistently
higherthanthetestdatabyanorderofapproximately15percenttithe
bucklingstress.

InSumlarization,then,theassumptionswhichleadtothebestagree-
mentbetweentheoryandtestdataoninelasticbucklingofaluminum-alloy
flatplatesundercompressioniOabg are deformation-typestress-strain
laws,stressandstrainintensitiesdefinedbytbeoctahedral-shearlaw,
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andtheno-strain-reversalmodelofinelasticbudding.Althoughthere
~ be.theoreticalobjectionstodeformationtheoriesasa chssandthe
useofa no-strain-reversalmodelinconjunctionwithclassicalstability
concepbs,testdatadosuggesttheuseofresultsobtainedfroma theory
basedontheseassumptions.

Fortheinelasticbucklingofflatplatesundershearloading,
plastic-buckllngtheoryandthetestdata.arenotingoodagreemeti.
Theprincipaldifficultyappears‘tolieintheuseoftheoctahedral-
sheerlawtotransformstress-straindataunderaxialloadingtosbesr
stress-straindata.Thissituationisdiscussedfurtherhereinincon-
nectionwithresultsobtainedf& torsionalbucklingofcylinders.

InelasticBuckMng

Timmhenko(ref.1)haspresented
inelasticbucKUngofa cylinderunder

of Cylinders

someattemptstodescribethe
axialccmpessiveforcessubjected

to-symmetricbuckling.Theseresultsarebasedontheintuitiyeuse
ofthereducedmodulusinplaceoftheelasticmodulUswherethelatter
appearsintheelastic-buckling-stressequation.

Bijlaard(ref.12),insmextensionofhistheoryforInekstic
buddingofflatplates,hasconsideredtheinelasticbucklingofa
cylindersubjecttocompression.Boththe-symmetricandtheCi3?CUll-
ferentialmodesofbuck33.ngwereconsideredinthisanalysis.The
resultsarediscussedinsubsegmentsectionsofthisreport.

Inthispaper,a generalsetofequilibriumdifferentialeqyations
fortheplasticbucklingofcylindersisderived.Thissetofeqaations
is~rfectlygeneralanda~liestoanyloadingsystemleadingtobuckling.
Inparticular,solutionsareobtdnedforcompressiveandtorsionalbuck-
lingoflongcylindersintheyieldregion.

Thepl.asticimtermsappearingintheequilibriumequationsdepend
uponthechoiceofthebucklingmodel.Fortheno-strain-reversalmodel,
whichisusedinthisanalysis,thefactthattheaxialloadmustincrease
slightlyduringbucklinginorderthatnounloading.shouldoccurpresents
a mathematicaldifficultywhenusingclassicalstabilityconceptsinwhich
theloadingremainsCOllStSJltduringbuckling.Tkh3 d.iffic~~ iS diS-
cussedandanattempttoremoveitispresented.

ThisinvestigationwasconductedatNewYorkUniversityunderthe
sponsorshipandwiththefinancialassistanceoftheNationalAdvisory
CommitteeforAeronautics.

.
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plasticitycoefficientsdefined

/ -,2)axialrigidi~,Est(1

platewidth

byequations(A13)

/
bendingrigidity,Est312(1- V2)

diameter

modulusofelasticity

secantmodulus

tangentmodulus

strainintensitydefined

force

shearelasticmodulus

shearsecantmodulus

byequation(A2)

shearbucklingcoefficient

lengthofcylinder .

bendingmomentperunitwidth

numberoflongitudinalhalfwavelengths

loadingperunitwidth

numberofcircumferential

externalpressure

radiusofcylinder

thickness

wavelengths

.
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U,v,w displacements

X,e,!z coordinates

a= (q.,q~ - (%/%!]

B = I
t21=2

shearstrain

axialstrain

plasticity-reductionfactor

Poisson’sratio

elasticvalueofPoisson’sratio,equalto

axialstress

stressintensitydefinedbyeqyation(Al)

Shesxstress

NACATN3726

0.3

(9= l-v )/2 Es‘cr

x curvature

~4”” operator,[@x2) + (#/R%’j12

$ =(V4)2

( )’ variationswhichariseduringbuckling,suchas M‘ and N‘

Subscripts:

c compression

cr critical

e elastic

——. .—. —
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f failing

s shear

%Y)w coordinateorientation

1,2>3 variationswhicharise

for M, N, u,and e

duringbucklingine and X

Theplsmfollowedinthisreportistopresentthetheoreticalderi.
vationsinappe*s. Thetheoreticalresults,comparisonswithtest
data,anda discussionofthesignificanceoftheseresultsappesrin
themainbodyofthereport.

b appendixA,theassumptionsoftheplasticitytheoryusedare
discussedandthestressandstrainintensitiesaredefinedaccording
totheOctahedral-shesrlaw.Considerationsinvolvedinthebuckling
modelarethenconsideredsadtheincrementalforcesandmcummtswhich
ariseduringbucklingarepresentedbasedontheno-stmin-reversalmodel.

InappendixB,Donnell’s(ref.13)simplifiedstrain-displacement
andequilibriumeqyationsderivedoriginallyforcylinderelastic-bu-
problemsarecombinedwiththeincrementalforcesmdmometirelationsof
appendixA. Inthismanner,a completesetofequilibriumdifferential
equationsisobtainedforuseinthesolutionofcylinderplastic-buckling
problems.IncludedinappendixB isanattempttoremovethedifficulty
ofusingequilibriumequationsbasedonclassicalstabili~
inelastic-bucklingproblemsinwhichtheno-strain-reversal
thattheloadmustincreaseslightlyduringbuckling.

AXIALCOMPRESSIVEBUCKLINGOFA.LONGCUJNDER

SolutionofProblem

conce~sfor
modelrequires

~ appendixC,theaxisymetricbucklingofa longcylinderunder
axialcompressionisconsidered.Thecriti&.stress6bt&ed byuseof
theequilibriumequationsderivedinappendixB hasthefollowingform:

crcr= ~(1-$jl-’/2E#12t1Rt/R (1)

.—. . __ __ ._ .— —. -———— ———. -—.-— . .
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Asintheinelasticbucklingofflatplates,sJleffectsofexceedingo
theproportionallimitareincorporatedina plasticity-reductionfactor ‘
definedasfollows:

~c 1( )=UCr a= e (2)

Es=E,
solutionfortheelasticcaseisobtainedbysubstituting
Et/Es=ljand V=Ve in equation(1):

Byuseofequation(2),

Bijlaard(ref.12)
equations(1)and(4).

Ingeneral,therefore,

(3)

(4)

u= =o.6q&(v’R) (5)

haspreviouslyobtainedresultseqyivsdentto
Illsresultsaremoreexact,infact,sincethe

variationofPoisson’sratiointheinelasticrangeisincludeddirectly
h theanalysis.Intheinterestsofsimplicity,the.presentanalysis
utilizesthearttiicialdeviceoftakingv = 1/2 inboththeelastic
andplasticregionsandthenemploysanapproximatecorrection(see
eq.(C15))whichyieldsexactsolutionsfortheelasticandplastic
rangesas13mits.Thismethodfollowsa suggestionofStawell(ref.5).

!Depurposehereinobtainingthissolutionwastopresenta unified
approachtothecompressive= torsionalbucklingofcylindersfromthe
setofequilibriumequationsderivedinappendixB. Furthermore,equa-
tions(1)and(4)serveasa basisforinterpretingtestdatapresented
hereinontheinelasticbucklingofcykinders.

Inadditiontothesxisymetriccaseconsidez%dhere,Bi31aard
(ref.12)hasalsoconsideredthecircumferentialbucklingmodeofa
cylinder
stresses
Bijlaard
~ lead

underaxislcompression.Asintheelasticcase,thecritical
obtainedforbothbucklingmodesareessentiallythesame.

.

haspointedoutthatformildsteelthecircumferentialmode
toa slightlyhigherbucklingloadthantheaxisymetricmode.

. —.- .- ————-
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Itwouldbea relatively simplemattertosolvethecircumferential
bucklingcasebyuseoftheequilibriumequationsofappendixB. However,
intiewof.Bijlaardisresultsamdthefactthattheaxisymmetricmodeis
oftenobservedintestsonroundcylinderswhichbuckleplastically,the
solutionforthisbucklingmodewasnotpursued.

TestData

Osgood(ref.14)smdMooreandHolt(ref.15)havepresentedtest
dataonthefailingstrengthofdrawncirculartubesunderaxialcom-
pression.Osgoodtested2017-!P4aluminum-allaytubesforwhichcompres-
sivestress-straincurvesweregivenandalsochrome-mo~bdenumtubes
forwhich,unfortunately,neitherthecompressivestress-straincurves
norcompressiveyieldstresseswereobtained.Itisinterestingtonote
thatphotographsofthetestspecimensindicatetheappearanceofaxisym-
metricbucklinginsomecases.MooreandHolttested6061-T6aluminum-
alloytubesforwhichthecompressiveyieldstressesweregivenalthough
ntithecompressivestress-straincurves.A @iCal COIIQreSSiV3StIYX3S-
straincurveforthismaterisL,witha correspondingyieldstress,was
taken?romreference16forcorrd.ationpurposes.

Toreducetheexperimentaldataforcompa@aonwiththeory,the
experimentalfailingstrengthwasdividedbythecriticalelasticstress
(eq..(3))todeterminetheexperimentalplastici~-reductionfactors
givenintable1. Thetheoreticalvalueof qc wasdeterminedineach
case~ useofthepertinentstress-straindataaccordingtoeq,,tion(4).
For

has

Poisson’sratio,thefolluwingvalueswereused:

Ve= 0.3 (6)

v = 0.5-(EIs/FI)(O.5-%)

relationforthevariationinPoisson’sratioh the@eld region
beenshowntoapplytoisotropic,plasticallyincompressiblesolids

byGerardandWildhorn(ref.17). -

Thetheoreticalande~rimentalvaluesof qc asa functionof
theinelastic-compressive-bucklingstressareplottedinfigure1. For
thelimitedrangeoftestdataon2017-Tkand606LT6alumimm-alloy
tubesitcanbeobse-d thatgoodagreementisobtained.Thisisremark-
ableinviewofthefactthatwhileittendstocoul?irmtherdationfor ‘
theplasticity-reductionfactor(eq.(4))italsoconfirmstheclassical
‘smal.1-deflectionstabilitytheoryforcompressedcylinders.

-. . ...— . . .—_____ .—. .—. — — .—. _... . . . —____ . ..__ .__. .__.
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TORSIONALB’UU_GOFA LONGCYUNIER

CylindersofExtremeLength

InappendixD,t@ torsionalbucklingofa longcylinderiscon-
sidered.If
tionsatthe
Thecritical
egyationsof

thecylinderisofsufficientlength,theboundsrycondi-
endshavenegligibleinfluenceandtwo-lobebucklingoccurs.
stressforthiscaseobtainedbyuseof
ap~ndixB hasthefollowingform:

‘Cr= 0.272(1- v2)-3/4~s(@)3/2

Inthe elasticcase,equation(7)becomes

()
-3/4 3]2

‘cre = 0.272(1- Ve2) E(tfi)

theequilibrium

Donnell(ref.13)hasshownthatequation(8)appliesfor

(7)

(8)

(9)

wherea = 42 forsimplysuppo~edendsand a = 60 forclsm~dends.“
Byuseoftbeequivah?ntofequation(2)forthetorsionalbucklingcase

Ingeneral,therefore,

v2 3/4

()‘s= - ‘s/E
(lo)

(U)

Theplasticity-m=ductionfactordependsprimarilyuponthesecant
modulus,whichhasbeenfoundtobethecasewheneverbucklingoccursas
a twistingaction.Thishasbeenpreviouslyobservedforcompressive
bucklingofhingedfI..angeswherebucklingoccursasa twistingaction
andtheplasticity-reductionfactordependsprimsrilyuponthesecant
modulus.

.,

.—— — .
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h apwndixA,thesecantmodulusisdefinedas

Es ‘
/

= aiei (12)

Iftheshesrstress-straincurve‘isknown(thiscanberelativelysimply
obta’inedbytorsiontestsontubesalthoughnosuchdirect-xperimental
procedureexistsforobtainingthesedataforfla.tplates),thenthe
respectivestressandstrainintensitiesaccordingtoequations(Al)
and(A2)areasfollows:

Byuseofegpa%ion(1.2)

ei= (3)-1/27

Es= 3T/y

SinceT/y= Gg,fromequation(15)

Gs= EB/3

Therefore,egpation(10)canW interpreted

f 1 - v.
2\./4

Gs /G

as

% =\*)
incases inwhich theshearstress-straincurveisavailab”k.

(13]

(14)

(15)

(16)

(17)

H, ontheotherhand,shearstress-straindatamsynotbeavaila-
ble,thenitispossibletoconstructa shearstress-straincurvefrom
simp~tensionandcompressionstress-straindatabyuseofeitherthe
octahedral-orthemaximum-shearlaw.Asindicatedinreference11for
materialswhichareanisotropicasa resultofstraightening(Bauschigr
effect),itisprobablybesttoutilizesmsxialstress-straincurve
whichisanaverageofthetensionandcompressioncurveseachat45°
withthedirectionoftheappliedshear.H theaxialstressh the
simpleaxialtestis ~ thenthestressandstrainintensitiesaccording
totheoctahedral-shearandmsximum-shesxlsw$are

. .. . .. .._—... ____ ___ ._ _ — .—. ——. —————._ .. ___
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q = ax

ei = Gx

Thus,inbothcases,

Es= ~px

}

However,theshearstressescorresponding

Foroctahedralshe=

T = (3)-1/2%

andformxdmumshear

T
/

=ax2

Thus,thevaluesof Es andthereforeqs
correspondtqa lowervalueof T for the
withthatoftheoct-dral-shear-W.

CylindersofModerate

A solutionfortheinelasticbuckling
length}inwhichcasethe
uponthebuck13.ngstress,
elasticsolutionisknown
Batdorf(ref.18):

(18) “-
w

(19)

to ax aredifferent.

(20)

(a) -

J.
fora givenvalueof ~
maximum-shesrlawascompared

Iength

ofcylindersofmoderate
boundsryconditionsI&e a decidedinfluence
hasnotbeenobtainedherein.However,the
andhasbeengiveninthefollowingformby

Tcr = 0.7k7E(tfi)5’4(R/Z)1’2 (22) “

for 50t/R< (Z/R)2< 10R/t.

Forshortcykbdersdefinedapprmdmatelyby Z2/Rt<1, thefht- ~
platesolution

(23)

— —-. . — -.. --.—- - —
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applieswhere

‘nfl /=Gs G

13”,

(24)

-.

Theplasticity-reductionfactorforthiscasehasbeenproposedbyGerard
(ref.11)andisbasedonthemaximum-shearlawtotransformtheaxial
stress-straindatatoshesxdata.

Sinceequation(24)for”shortcylindersdependsprimarilyuponthe
secantmodulusasdoesegpation(10)or(17)forlongcylinders,it
appearsthatequation(10)or(17)my beusedasa reasonableapproxi-
mationof q~ forcylindersofmoderatelength.~

.WstDa-ta

Stang,Rsniberg,
MooreandHolt(ref.

andBack
15)have

(ref.19),MooreandPaul.(ref.20),and
presentedtestdataonthetorsionalfailing

strengthoflongandmoderate-lengthdrawncirculartubes.Inmostcases
failureOccurredasa resultofinelasticbucklinginthetwo-lo~emode.

Stang,Ramberg,andBacktested2017-T4andchrome-molybdenumtubeB
forwhichrepresentativeshearstress-straincurveswerepresented.In
thiscase,therefore,itwaspossibletocorrelatetheoryandexperiment
onthebasisofequation(17).Ofthelargemassoftestdatagivenin
reference19,a relativelysmallsmountwasusefulforcorrelationpur-
poses.Thesedhtaaregivenintable2 andwereselectedonthebasis
thatthetubeswerelonginthesenseofequation(9)(clsmpedends).
Furthermore,theyieldstressofthe2017-T4tubeswasapproximately
23ksi- thefacingstresswaskss tti 26ksitoCOrreSpOIMIWith
thegivenshearstress-straindata.Forthechrome-molybdenmtubes,
t~ COrreSPOm VSJJES were 49w 58ksi}respecti=~.MSW ofthe
othertestdatawerebeyondtherangeofthe@ven stress-straindata.

Incomputingtheexperimentalvaluesof TIS,thetorsionalfailing
stresswasdividedbythecriticalelasticshearstressofegpation(8).
Sincetheshesrstress-straindataweregiven,thetheoreticalvalues
of qs werecalculatedbyuseofequations(17)and(6)forPoisson’s
ratiowith Gs/G replacingEslE inthelatter.

Tbetheoreticalandexperimentalvaluesof q~ areshowninfig-
ure2. Itcanbeobservedthatgoodagreementisobtainedforthe
2017-T4data,whereastheagreementisnotsogoodforthechrame-
molybdenum-tubedata.

. .. ... . ...— —— ——.. —- —-— ————— -—-—-—-
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MooreandPaul(ref.20)tested6051-T6seemlesstubesofmoderate
length.Tensionstress-straindataarealsogiven.Tbetorsionalfailing “ ‘
stressesarelistedintable3 togetherwiththeexperimentalvalueof qs
calculatedbyuseofegyation(22)fortubesofmoderatelength.The &
theoreticalvaluesof q~ weredeterminedbyuseofequations(10)
and(6),usingthetensionstress-straindata._ infigure3 isa
comparisonofthe qs valuesbasedontheuseoftheoctahedral-and
mudmum-shearlswstotransformtheaxialstress-straindata.Eetter
correlationisobtainedwiththelatter,ell.thoughthetestdataarebelow
thetheoreticalvaluesof qs● This~ possiblyreflecttherelatively
lergescatteremongthetestdataorthefactthatthevalheof q~ given
byequation(10)isapproximatefortubesofmoderatelength.

RelativelylargescattercanalsQ beobservedforthe6061-T6
aluminum-alloytestdataofMooreandHolt(ref.15;alsoEstedin
table3 andshowninfig.3). Thesetestswereconductedonbothlong
tubesandtubesofmoderatelengthandaresodesignatedintable3 and,
figure3. Thetheoreticalvaluesof q~ werecomputedfroma typical ,
stress-straincurvefor6061-T6~uminum~oy giveninreference16and
hatingtheseineyieldpropertiesaslistedinreference15. Inthis
case,thetestdataagainfavertheuseofthemaximum-shearlawto
transformthetialdatawithapproximatelyequalscatterofthetest
pointsaboutthetheoreticalline.

DISCUSSION

Indiscussingthecorrelationbetweenthetheoreticalplasticity-
reductionfactorsandtheavailebktestdata,itisconvenienttosum-
merizetheresultsasshownintable4.

compressiveBuckling

Forthelimitedemountoftestdataon2017-T4and6061-T6aluminum-
alloytubesincompression,itappearsthattheplasticity-reduction
factorgivenbyequation(4)isinsubstantiallygoodagreementwithtest
data.Considerablymoreweightmustbeplacedonthe2017-T4dataas
ccmparedwiththe6061-T6datasincecompressionstress-straindatawere
givenfortheformer,whereassuchdataforthelatterwereestimated
fromothersources.Thus,theagreementobtainedforthe2017-T4data
canbeinterpretedasexcellentsupportforthetheoreticalvalueof qc. f

Asindicatedpreviously,
testdatawerecomputedusing

thee~rimentalvaluesof qc forthe
equation(3)whichisbasedoncl.assicd.

-. ..-
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stibili~concepts.Sincetestdata,onelasticbucklingofcompressed
cyLindersgeneraUyfallconsiderablybelowthistheoreticalvalue,it
appearsfruitfultodiscusstheimplicationsoftheapparentagreement
oftestdataoncylinderswhichbuckleinelasticallywithequation(3)
afterinelasticbucklingeffectshavebeenaccountedforbyuseof qc.

Thecylindersusedfortheinelastictestsweredrawnsesmlesstubes
withR/t tiueskSS than 50. Conseq@tly,thesetubesprobablycon-
tainedverysmallgeometricalimperfectionsandwererelativelyfreeof
residualstresses.~ contrast,testsonelasticbucklingweregenerally
conductedonc~tirs fabricatedfromflatsheetswithR/t values
~ti from200to3,000.MaIIYofthesetestswereconductedoncyl-
indersofverythinsheetstockandthereforethegeometricalimperfec-
tionswouJdbeexpectedtobeverymuchgreaterthanthoseindrawntubes.
Thus,itisprobablysafetoconcludethattheinitialtiperfectionsfor
theinelasticcyllnderswereconsiderablylessthanthosefortheelastic
cylinders.Providedtheplasticity-reductionfactoriscorrect,theini-
tialimperfectionswereapparentlyofsucha smallmagnitudeforthe
inelasticcylindersthatthebucklingstressisadegyatelypredicted~
classicalsmall-cleflectiontheory.

ThisapparentagreementwithclassicaltheQryforinelasticcylind-
ers mayhavesomebearingonthecurrentlyheldviewsconcerningthe
U@Z ofagreementoftestdataonelasticcylinderswithsmall-cleflection
theory.

Accordi~tothe”energycriterionofbucklingusedbyTsien(ref.21)
forperfectelasticcylindersina rigidscrew-poweredtestingmachine
(theconditionleadingtothehighestbucklingstress)

am =o.37m/lR (25)

Itisthecontentionofthistheorythatthesmallamountofenergynec-
essarytotriggerthejumptolargedeflectionsisavailableinthevibra-
tionsofthetestingmadine,forexample.

DonnellandWan(ref.22)havemaintainedl%a.tthepresenceofgeo-
metricalimperfectionsandresidualstressesroundsoffthesharp~ak
inthestressend-shorteningcurveofI.arge-deflectiontheoryandthere=
forefailureisobservedatloadsconsiderablybelowtheclassical.value.

Itisessentialtorealizethatthehighestbucklingstressofthe
energycriterionisgivenbyequation(25)andthereforethistheorydoes
notadmitthepossiblerealizationofa bucklingstressashighasthat
givenbyegpation(3).Ontheotherhand,astheimperfectionsbecome
verysmall,equation(3)isapproachedasa limitinDonnell’sinterpre-
tation.Sinceequation(3)wasapp&entlyconfirmedbythetestdata

.

------ . ..— — —— -.. ..— —. ——- .- .—
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showninfigure1,forwhichtheimperfectionswereprobablyvery-, ●

itwouldappearthatDonnell’sinterpretationisdefi.nitelyfavoredover
theenergycriterioninthiscase.

Ofthe test
reductionfactor

w

TorsionalBuckling

dataavailabletoevaluatethetheoretical@asticity-
fortorsionalbucklinggiveninfigures2 and3 and

summarizedin‘table4,itwouldappesrthatconsiderableweightshould
beplacedonthe2017-T4data.Thisis duetothefactthatawiderange
oftestdataaswellasshearstress-straindatawasgiven.Forthe
chrome-molybdenumtubesonlya smallamountoftestdatacouldbeused
becausetheyieldstressesandstress-strainpropertiesvariedconsider-
ablyfromthoseofthesheerstress-straincurvegiven.Tberefore,it
wouldappearthatexcellentconfirmationof q~ wasobtainedforthe
2017-T4data,whereasthechrome-molybdenumdataweretoofewandtoo
variableinstress-straincharacteristicsto~rmitanydefinitecon-
clusionstobedrawnforthismaterial.

TIE605>-tiand6061-T6datad f- 3 areusefulinprovidinga
meansofcheckingthetheoreticalValtleof q~ utilizingthemsxbmml- !>
shearandoctahedral-shearlawstotransformthesxid.stress-strain
datatoshearstress-straindata.Althoughtheconclusionstobedrawn
arehandicappedbyrelativelywidescatteroftestdataand~ thenature
ofthestress-straindataavailableforcorrelation(table4),itwould
appesrthatthetitsem inbetteragreementwiththeuseofthemaximum-
ShS2? ~W than withthatOftheOCtShdr=-SheS2 hW tO tX’SJU3fO~th
axial data.

SUNMARYOFRESULTS

Thefolluwingconclusionswerederivedfroma theoreticalandexperi-
mentalinvestigationofthecompressiveandtorsionalbucklingofthin-
wallcylindersintheyieldregion:

1.A generalsetofequilibriumclifferemtialequationsforplastic
bucklingofcircularcylindershasbeenderivedbasedondeformation
stress-strainrelstionsandtheno-strain-reversalbucklingmodel.Fur-
thermore,anattempthasbeenmadetoremovea difficul~associatedwith
usingtheno-strain-reversalmodelinconjunctionwithclassicalstability“
concepts.

2.Theplasticity-reductionfactorsforinelasticbucklingoflong
cylindersundercompressiveortorsionalloadingsham beenderived.

—.. ...—. — -.
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. Itisshownthatthesefactorsareinsatisfactoryagreementwithtest
datawhensatisfactorycompressionandshearstress-straindataare
available.

3.Boththemsximum-shearandoctahedral-shearplasticitylawswere
usedintransformingaxialstress-straindatatoshearstress-strain
datafortorsionalbucklingofcy~ndersinconjunctionwitha theoreti-
callyderivedplasticity-reductionfactorbasedontheoctahedral-shear
IRw. Insuchcases,resultsobtainedbyuseofthetransformedshear
databasedonthemaximum-shearlawareinbetteragreementwithtest
datathanthosebasedontheuseoftheoctahedral-shearlaw.

4.Compressiontestdataontubeswhichprobablycontainedsmall
geometrical~rfections correlatedverywellwiththec,riticalstress
predictedbyclassicalsmall-deflectiontheoryafterthetheoretical
correctionforinelasticbucklinghadbeenincorporated.Thiscorrel&-
tionisviewedasa factorfavoringtheimperfectioninterpretation
(IMnell)oftestsoneksticcylindersovertheener~interpretation
(Tsien).

.

ResearchDivision,College
NewYorkUniversi@,

NewYork,N.Y.,

,
. ..

ofEngineering,

October14,1954.
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fWPENDIXA

PLASTICITYCONSIDERATIONS

Intlk foU6wingderivations,assumptionshavebeenemployedwhich
appeartohaveresultedinthebestagreementbetweentheoryandtest
dataoninelasticbucklingoffletplateswithvariousgeometricalbound-
aryconditionsandtypesofloading.

A ~ti~ ~OtheSiS Of ph3StiCity _th!30ryiS that t~ StI’eSS
intensityui isa uniquelydefined,single-valuedfunctionofthestrain
intensityei fora givenmaterial.whenthestressintensityincreases
(loadbg)andisehsticwhenitdecreases(mil.oading).Thedefinitions
ofthestressandstrainintensitiestheoreticallycanbechosenfroma
manifoldofrotationallyinvariantfunctions.
msximum-shearandoctahedral-shearlaws,have

Fortheoctahdral-shearlaw,thestress
cambedef3nedasfollows:

Twosuchfunctions,the
beenuseful.

endstrainintensities ‘

Withthe
coincide,the

..= (o--x’+Oj’- G&j+ #2 (Al)

(A’)

assum@ionthattheprincipalaxesofstressandstrain
secantmoduluscanbedefinedas

Es /= Uiei (A3)

~heI’More,byuseM *fo~tion-typestress-stratilawstogetherwith
theassumptionofplasticisotro~andtheidealizationthatPoisson’s
ratiois~qualto1/2forboth& elasticandthe
followingsimplifiedtwo-dimensionalstress-strain

%=+& - (way’]

pla;ticregion,the
hWS are obtained:

>
(A4)
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(A5)

(A6)

lhelastic-BucklingConsiderations

Alloftheforegoingassumptionsformthebasisforsolutionof
plastici@problemsingeneral.Forthespecificproblemofinehstic
buckling,itisnecessarytomakeanadditionalassumptionconcerning
thestressdistributionattheinstantofbuckling.

lh?omthestandpointofclassicalstabilitytheory,theequilibrium
differentialequationsareformulatedonthebasisthatatthebuckling
loadanexchangeofstableequilibriumconfigurationoccursbetweenthe
straightformandthesli@htlybentform.Sincethe‘loadremainscon-
stantduringthisexchange,a strainreversalmustoccurontheconvex
side,and,therefore,thebucklingmodelleadingtothereduced-modulus
conceptforcolumusiscorrecttheoretically.

Practiticolumnsandplatesinvariably.containinitial.imperfec-
tionsandthereforeaxialloadingandbendingproceedsimultaneously.
Sinceinthepresenceofrelativelylargeaxialcompressivestresses
thebendingstresses~ generslldysmal!d.,nostrainreversalwouldbe
expectedtooccurandtheincrementalbendingstressesintheinelastic
rangearegivenbythetangent-modulusmodel.However,thebentform
istheonlystableconfigurationinthiscaseandthereforeuseofequi-
Ubrim equationsbasedonperfectcolumns,plates,orshellsisclearly
unjustified.

Partiallytoremuvethisdifficulty,StoweSlhasassumedthatthe
straightformoftheplateorcolumnisstableuntilbucklingoccurs
(ref.5). Atbuckling,infinitesimal.bendingisassumedtoproceed
simultaneouslywitha correspondinginfinitesimalincreaseinsxiii
loadingsothattheplateisnotsubjettedtoa strainreversaland
remainsinelastic.Againthismodelposesanessentialdifficultysince
classicalstabilitytheoryisbasedontheassumptionthattheaxial
losdingramdllsconstantduringthebucklingprocess.

lha~endixB,inwhichtheequilibriumequationsareconsidered,
anattemptismadetoremovethisdifficultyby ShOWiIlgthat the infin-
itesimalincreaseinloadassociatedwiththeno-strain-reversalmodel
contributeshigherordertermsthanthosegenerallyconsideredinthe
eqyilibrimequation.Thisisbyvirtueoftpefactthattheaxialloads
aremul.tiplJedbyfirstorsecondderivativesofthedisplacementsand

. . ... -—__ ___ _ ——. . —--- .. . . .
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thereforeproductsoftheincremental.loadincreaseandthesederiva-
tivesresultinsecond-orderterms. >

IncrementalForcesandMoments
.

Nhenbucld.ingoccurs,thedisplacementsvaryslightlyfromtheir
valuesbeforebuckling.Theresultingstrainvariationsarisepsrtly
franvariationsofmiddle-surfacestrainsmd partlybecauseofbending
strains.Theseresultingvariationsofstresseshavebeenconsidered
byIlyushin(ref.3)smdStowell(ref.5). Usingtheassumptionthat
nopartoftheplateisunloaded,%owellhasderivedthevariations
ofthemomentsduringthebum process.- -iatio~ tithefiu-
surfaceforcescanbederiveddirectlyfranthiswork.

Whenthevariationsoftheforcesandmoments
primes(‘),thefollowingrelationsapplyto~
buckling:

I?x’= 1!B 161i-(1/2)A~e2-

%’ [= B J%2 + @/@A21% -

=B
‘xY’ 1!~ 363- (1/2)A51e1-

%’ = [-DAl% -I-(1/2)Au~-

MY’= [
-DA21@+ (1/2)~Xl-

Mw’
1!

- (1/2)A31Xl-=-~ 3X3

~ equations(A7)to (A12),G1 a

aredenotedby
plasticplates

1

1(WA3262

durin$

(A7) ‘

(A8)

“ (A9)

(no)

(Ku)

WM32*] (Au)

E2 aremiddle--acenormal
strainvariations@ 63 isthemiddle-surfaceshearstrainvariation; .
xlti~=thechangesin~- -~is*_efi
twist. Furthermore,theplasticitycoefficientsaredefinedasfo~ows: u

. .— —-. — . — ——
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.
where

Al= 1- (cLux2/&)

& = 1- (*74)

A3=1-crrz
1

A31=A13=aux’r

Thesxialrigidi~is

B = &Est/3 (A14)

Thebendingrigidityis

I
D = Est39 (~5)

~ thee~sticregion,cc= O smd,therefore,Al=A2 =A3=

A= = 1 snd A13=%3 = O. Byreplacingthedefinitionsofequa+
tions(A14)and(A15)whicharefora fullyplasticplateby
B =Et/(l- v=’)and D =E%3/12(1- V=2),respectively,sndreplacing
tk coefficierrt(1/2)by Ve,equations(A7)to (A12)reducetothe
familiarrelationsfortheelasticplate.

.

,,

_ ... .. . ..—. _ —-— .- >- .—. — -. —
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APPENDIXB

E~ CONSIDERATIONS

ElasticBuckling

Donnell’sequations(refs.13and18)forelasticbucklingofthin-
wdl circularcylindershavebeenusedwitha considerabledegreeof
successinbucklingproblems.Therefore,inthisinvestigationofine-
lasticbucklingoflongcirculsrcylindersundercompressiveandtorbional
loads,anextensionofDonnell’sequationsisconsidered.

Themiddle-surfacestrainvariationsandcurvaturechangesthat
occurduringbucklingofa circularcylinderarerelatedtothedis-

(Bl)

ThefollowingsimplifiedequilibriumegyationsasderivedbyDonnell
(ref.13)neglectcertaintermswhichsreofsmallmagnitudewhenthe
Ciml.lur
casesin
Lblgthe

crosssectionofthecylinderisdistortedduringbuckling.In
whichthecrosssectionretainsitscircularshapeduringbuck-
negl.ectedtermsaregeneralJyofscmeimportance.

.

~Fx q aN ‘
ax

+J!L =()‘— R&I
(B2) d

d

(B3)

—- .. —
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.

.

.

a% +P=o

% &?#

Inequation(~),
10adiII&, with Nx and
taininga primearethe

(B4)

Nx, NV, Ny,and p areprescribedexternal
Ny positiveincompression.Thetermscon-
variationsassociatedwithbuckling.

InelasticBuckling

~ appendixA,itwasindicatedthatuseoftheno-strain-reversal
modelforinelasticbucklingposesthedifficultythattheexternalload
mustincreaseslightlyduringthebucklingprocess.ThisisatVariance
withclassicalstabilityconceptswhichrequiretheexternalloadto
remainconstantduringbuckling.Therefore,samejustificationisnec-
esssryinordertouseequilibriumequationsbas”edonconstantexternal
loadsforinelasticlnmkl.ingproblemsinwhichtheexternalloadmust
increaseslightly.Anatte@ hasbeenmadetoclarifythispointwhich
hasbeenoverlookdbypreviousinvestigators.

Itisassumedthat,intheinelastic-bucklingprocess,theexternal
loadsincreaseslightly.Denotingthisincrementby ~, theexternal
loadsareincreasedasfollows:Nx+ ~x,!NW +&NW, Ny+~, snd
p+ 8p. Thetermscontaininga primeinequations(B2)to (l#k)arethe
middle-surfaceforceandbending-momentvariationsarisingfranbending
andtwistingoftheplateatbuckling.Therefore,theslightincrease
inefiernalloadrepresentedby 8N canhaveonlya negligibleinfluence
upontheprimedtermsinequations(B2)to (Ilk).

Inequation(w),theexternalloadsNx, NW, ~, and p appear.
Iftheseloadsarereplacedby Nx+ 5NX,. . ., p + bp,thenterms

(such as Mx a%/ax2)and tipappearwhich areclearly ofhigherorder
thanthosetermsappearinginequation(~) endcanbeneglected.Thus,
ita~earspermissibletoconcludethattheslightincreaseinload
requiredfortheplate,toremaininelasticduri~bucklingiscompatible
withtheuseofequilibriumequationsbasedonclassicalstability
concepts.

.. . .— -. ——..— —..— . . .——.. — —---- -. —-
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Equilibri-Equations

~ useoftheforceandmcmentvariations(eqs.(A7)*O (A12))d
thestrain-displacementrelations(eqs.(Bl))theequilibriumrelations .
(eqs.(B2)to (*))Cm bewrittenintermsofthedisplacementsu, v,
and w andtheirderivatives:

[

i+w ahw a4w +~ + (AE+‘3)R2a&?ae2-A23—
‘A1a-A13 R ax3a(3 R3& hg3

A2

Nx

(B5)

.

(B7) “

Eq@ions (B5)to (B7)consti- a basicsetofequilibriumdif-
ferentiqleqqationsforplasticbucklingofcircularcylinders.In
theelasticcase,Al=A2= A3.Au. 1 and A13=~3=0, snd,by
properlyaccounti~forPoisson’sratio,e~tions (B5)to (B7)reduce .
tothefOllowing:

.-. ..—--— . .— —— -— -- .— .— ..
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.

.

.

.

a% 1-vt3i3%+1+vt3 a% bW=o—— —
R2ae2.+ 2 a# 2 m + R2ae (B9)

m+B
(

auavw+ Fve —+—
)
~ +Nx”~+2NWR ~ae+Ny~+P=0

ax Raf3+R R be

Bysuitablemanipulationof
ofequationscanbereducedtoa
asDonnelJ’sequation:

(Blo)

equations (B8)to (B1O),theaboveset
singleequationindefl.ectionw known

.

. . . ..- .-— .—— ._ ___ .-— —. —. -.. -—---
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For
%=’=
isgiven
forthis

APPENDIXc

AXIALCOMPRESSIVEBUCKLINGOF

a longcimcularcylindersubjectedtoaxialcompression,
o. Thevalueoftheterm ~ whichappearsinequations(A13)
byeqpation(Al)asdiscussedinreference5 and,therefore,
case Ui= q. Thus,theplasticitycoefficientsreduceto

Consegyently,
equations:

#+$>
s

A2=A3=A12=l

%3=%3=0
1

egyilibriumequations(B5)to (B7)reducetothefollowing .

(cl)

a% +la%+~ a% aW .0-—
R%(32 4 a# 4R= +R2ae

(C2)

(C3)

Compressivetestsofcylinderswhichbuckleplasticallyindicate
thatanaxisymetricformofbucklingoftenoccurs.!l!herefore,ifthis
modeofinstabilityisassmed,thedisplacementssxeindqendentofthe
e coordinateandallderivativescontaininge vanish.Thus,eqpa-
tions(C2)to (C4)reducetothefoll.cnkhgforms:
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;

.

a%+~law=o‘la# 2Rax

a2v ~—=ax?

27

(C5)

(c6)

(C7)

Byperformingtheoperationapx onequation(C7)andthenusingegpa-
tion(C5),a singleequilibriumequationin w isobtained:

(c8)

A solutiontoequation(c8)canbewritteninthefollowingform:

w =wmsin(~/A) (C9)

where

h= Z/m

Uponsubstitutingtheappropriatederivativesofequation(C9)into
equation(c8)andusingthedefinitionsof D, B,and Al givenby
equations(A15),(A14),and(Cl),respectively,andtherelation
Nx= awt,thefollowingnontrivialsolutionisobtained:

()Est2~ 3%2+ % A2
‘cl?=-- ‘——9 4+4E@

n
R ~+~% ~

4 4.%3

(Clo)

.- ——...--—.—. .—— —z — — —— ----- ._
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Thecylinderisconsidefidtobelong,sothatmanywavesform
alongthelengthandthereforeUa canbeconsideredasa continuous
functionof X. Byminimizingequation(C1O)
length,

l/2

-()
2E t%%=S SREB

can

correspondinghalfwavelengthofthebuckles

withrespecttothewave

(Cll)

Fortheelasticcase,thecorrespondingsolutionsare:

“==[i+ - ‘.2)l-1’24i-
[

A =@t)l/2l+ -

Bycmpsringthecoefficientswhichappearinequations(Cll)

(c12)

(C13) -

(C14)

(C13),itcanbeobservedthatthecoefficientinequation(C1.1)
beobtainedbysubstitutinga VS2ueof1/2for Ve inequation(C13).

Thus,thefollowi.ngrelationscanbewrittenwhichsreexactinthe
elasticandfullyplasticrangesandresultinanexcellentdegreeof
approximationintheinelasticrange:

(C15)

(c16) -

,

.- —.
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APPENDIXD

TORSIO~BUCHJNGOFA LONG~ -

Fora longcircularcylindersubjectedtotorsionalmcmentaatthe
ends,ax= ~ = O. Thevalueof ui whichappearsinequations(A13)
isgivenbyequation(Al).Forthiscase,

(ZJ_= (3)% (Dl)

Theplasticitycoefficientsreduceto

Consemntly,
thefOllowing

a%
ax2

A15=~3=0 I

theequilibrium
e~ressions:

J

A3= E@

equations(eqs.(B5)to (B7))reduceto

,J?3R:?32+(2+A3)a% , aW o
4

-—
Rm+2R ax=

a% .0

‘W RhxaO

(D2)

(D3)

(D4)

(D5)

(D6)

. ..— ..-— .—— —. ..— —— ..— — .— ..—— —-
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Bymultiplyingegpation(D6)by R2/B andletting

NACATN3726

(D7)

Equation(I%)canbereducedtothemoreconvenientform:

[ 1‘R4*+P+A$R2&’*‘:*+~’w+-a=O“8)
Followingthemethodofsolutionfortorsionalelasticbucklingof

a cylinderasgivenbyTimoshenlso”(ref.1),thefollowingrelationsare
usedforthedisplacements:I

()
u=~cos*-n(3

v=
()v..cos* -ne

~=~ms<~-~e) ,1“(D9)
.

Theanglewhichthehelicalbucklemakeswiththeoriginalgeneratorof
thecylinderisgivenby

tanu =I/n (D1O)

Sincethecylinderisassumedtobelong,theboundaryconditionsatthe
endsarerelatively_ortant and,therefore,equations(II9)canbe
usedalthoughtheydonotsatisfytheusualboundaryconditionsofsimple
supportorclamping.

. —
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Thesubstitutionoftheappropriatederivativesofeq~tions(~)
intoeqpations(I$k),(D5),and(D8)resultsinthefollowingmatrix
equation:

()2+A3—All
4.

-n

-[
l+2@tl+fh4+

-n
1

Tm

%lTl

= o (D1O)

A nontrivialsolutionrequiresthedeterminanttovanishindependently.
Uponexpandingthedeterminant,thefollowingresultisobtained:

Asintheelasticcase,verysmallvaluesof A yieldthesmallest
valueof q).
simplifiesto

Notethat the

Furthm&e,byassumingj3tobesmaJl,equation(Dll)

.

term Az CSJICelS
assumptionsand.,ther%ore,the
valueof A3 givenbyeWtion

anz

outofeqyation
solutionfor q)
(D3).

Fora longcylinderaminimumValueofq

(D12)underthese
isindependentof

isobtainedfor n

(D12)

= 2
whichcorrespondstothefamil.iartwo-lobebuckling.Therefore,eqpa-
tion(D12)b=comes

~ = (3/4)A4+ 256fI
64A

(D13)

.... ... .. . . .—. — — .—. . —.. - .— — — .- —— -- —--— -
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Bydifferentiatingwithrespectto 1, . ‘

Uponsubstitutinge~tion (D14)intoequation

Byuseof equations(D7)

4(3)-lhs(tm312=cr=-9

= 0.338ES(t/R)3/2

(D14)

(D13)andSh?lp~,

(D15)

(DZ6)

ObtlXhll?dbysubstitute@Thecorrespondingelasticsolutioncanbe
1- ve2 forthecoefficient3/4 inegyations(D13)and(D7):

= -41-ve2)-3’4E@fi)3/“
~= [2(1-ve2pt/R~’2

(D17)

(D18)

— -—.. . . . — .—
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Byidentifyingthecoefficient4/3 whichappearsinequations(D13)

and(D7)&S the limit-
thenpossibletoconibine
with(D18):

‘cl”=

valueof’(. - # with ,
equation(D16)with(D17)and

0.272(1-

= ~(1-,$’’%J-’2
Egyations(D19)and(D20)areexactfor
andconstituteexcellentapproximations

= 1/2,itis
equation

theelasticandplastic
intheinelasticrange.

(D14)

(D19)

(D20)

ranges

.

.

-- ... ...-— ——.-— .—. . ,_ . -- —. .-—
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36 NACATN3726

-1

TESTDATAONCOMPRESSIVESTRENGTHOFTUBES

(a) 2017-T4aluminum-alloydataofreference14

djt

98.k
97.9
79.2
78.4
78.1
63.7
63.7
62.2
61.5
61.5
61.4

Csf, ksi

41.8
41.9
45.2
45.6
43.6
47.0
47.4
46.3
46.0

%

0.330
.327
.288
.287
.273
.241
.242
.230
.226
.228
.226

(b) 6061-T6aluminum-alloydataofreference15

I1.322.00

0.o16 40.8
.023 39.0
.033 41.9
.066 46.3
.132 52.7

0.025 38.6
.033 40.8
.o~ 43.6
.100 43.6
.200 53*3

0.281
.187
.140
.o~
.044

o:q7

.146

.o~

.044

,
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NACATN3726

TABLE2

TESTDATAONTORSIONALSTRENGTHOFIQNGTUBESF!RCM~ 19

(a)2017-T4.sWminurn-alloytubes

Z/d */a ‘rf,ksi ~s

19.9 0.02235 23.1 0.792
19.9 .02516 23.4 .698
60.0 .02848 24.2 .580
19.9 .03231 24.9 .491
59.8 .03242 26.0 .513
39*9 .02195 22.8 .830
13.3 .02903 25.1 .596
39*9 .02896 24.1 .572
13.3 .03273 26.4 .512
4Q.O .03312 26.1 .506
~.o .03350 25.7 .491

(b)Chrme-molybdenmtubs

Z/d t/d ‘yield~hi Tf,ksi qs

25.30@M& 48,6 50.6 0.262
25.3 47.9 50.4 .261
7999 .04020 49.5 51.1 .264
~.1 .02330 47.2 43.8 .530
1.2.6.O* 49.8 47:4 .309

37
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38 NACATN3726

TABLE3

TESTDATAONTORSIOIiALSTRENGTHOFTUBES

(a) 60~-T6aluminum-alloytubesofmoderatelengthfromreference~

l/d

1
1
2

:
4

:
16
16

Tf,ksi

2L.6

-%:
21.9
2L.2
ZL.3
20.1
19.2
13.5
12.5

o.41.2
.418
.580
.594
.810
.814
1.09
1.04
1.03
●957

a/t=104
Tf, ksi

18.9
19.5
18.8
19.7
17.7
18.6
13.9
14.0
9.8
9.6

0.525
.542
.740
.765
.984
1.03
1.09
1.10
log
1.08

d/t= 139

rf,ksi

18.4
18.4
17.0
16.5
12.6
12.4
9.2

;:;
.

%

0.728
.728
.950
.923
1.00
.982
1.035
1.035
1.02
1.02

(b) 6061-T6alumimm-sdhyt~s frcanreference15

Iength

A

M
M
L
M

M
L
L

M
L
L

M

d/t

80.6
80.6

2:2

58.8
58.8
58.8

39.4
39.4
39.4

60.6

2/d
-

5.7
17.0
27.6
U..5

5.7
17.0
27.6

5*7
17.0
27.6

II*5

-cf,ksi

19.1
10.4
9.3
15.4

18.6
17.4
15.2

22.7
22.3
22.0

20.2

0.816
.813
.795
~.987

.543
9927’
.810

.403

.648

.640

.928 .

.
%, mcd.cratelength;L,long.

—. ..
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Material

2017-T4

@h-T6

201T-Th

cllrme-
molybdenum

605L-T6

6061-T6

Loading

Ccmpremion

Ccmlpremion

Torsion

Torsion

Torsion

Torsion

FQwe

1

1

2

2

3

3

n

Eq. ‘(4)

Eq. (4),

Eq.(17)

Eq. (17)

Eq. (10)

Eq. (M)

stress-strain
data

Ccaupremion

a=
w

Shear

8hear

TenOion

a’%

%eneileand ccmpressiwyieldstressgiven. Stress-straindata obtainedfrom
ref.16for threeyte~ vaLues.

%llEU’kB

Excellentagreement;
limitedteat data

Fair ~-ntj limited
teat data

Excellantagreement;
wide rangeof test data

Theory&L@; limitedteat
data

Fairagreemnt; moderate
lengthtubes

Goodagreemntj moderate
and longtubes

.
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COM%ES5YVE S7i%59S, ksi

WW’e 1.- Pks*iciW-reductim factorsfor cqpressivabucklingof
aJumimm-elL2ytubes..
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Figure 2.- Plasticity-reductionfactorsfor ijomional.buoklingof long
tubes.
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H.@H 3.-Pksticitiy-reductj.onfactom for tomiond h@cM.ng of tubeg.
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